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Virtual doodles — doodles on surfaces

@ Doodles on surfaces
A. Bartholomew, R. Fenn, S. Kamada, NK (BFKK)
generalized doodles on R? to those on surfaces.
(Doodles on surfaces := Immersed curves on surfaces
modulo R I, R II and stabilization)
@ A. Bartholomew, R. Fenn, N.K., S. Kamada, Doodles on

surfaces I: An introduction to their basic properties,
ArXiv:1612.08473v1
@ Virtual Doodles
BFKK defined virtual doodles on R? and prove that
there is a natural bijection between virtual doodles and
stable equivalence classes of doodles on surfaces.

Theorem (BFKK)
{virtual doodles} <= {doodles on surfaces}/stable equiv.
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Virtual doodle (A. Bartholomew, R. Fenn, S. Kamada, NK)

A virtual diagram is a collection of generically immersed
circles in R? possibly with virtual crossings.

{virtual doodles}
:= {virtual diagrams} /FR I, FR II, and FV moves

{flat virtual Links}
:= {virtual diagrams}/FR I, FRII, FR III and FV moves

There is a natural projection : {virtual doodles} — {flat
virtual Links}.

Naoko Kamada (Nagoya City University) Invariants of virtual doodles



FR and FV moves

FR moves
- ><> - Q i>< - ><§
I II III
FV moves
-+ ;X} - Q ZZE - ;Xi ) X - X
I II II1 v
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Example

Carter’s curve on a surface corresponds to the virtual
diagram depicted below. This is the smallest nontrivial
virtual doodle, d3; in [BFKK]. (It is also nontrivial as a flat

virtual knot.)
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Semiquandle

Semiquandle (Henrich, Nelson)

A semiquandle X is a set X with two binary operations
(x,y) — x¥ and (z,y) — Ty such that, for all z,vy,z € X

(0) there are unique w and u € X with £ = wY and T = uy
(Yzy=vYy <= Y* ==z

(i) (zy)¥* =z and (ZY)y, = T

(i) (x¥)* = (%)Y, (Yz)*¥ = (¥*)zw and (2gv)y, = (2y)z

@ Allison Henrich and Sam Nelson, Semiquandles and flat
virtual knots, Pac. J Math. 248 (2010), 155-170

Naoko Kamada (Nagoya City University) Invariants of virtual doodles



Semiquandle

Fundamental semiquandle (Henrich, Nelson)

D: a virtual diagram

The fundamental semiquandle

The fundamental semiquandle FSQ(D) is the semiquandle
generated by letters corresponding to semiarcs of D and the
relations come from crossings.

Let 4 generators x, v, z, w cor- v z
respond to the 4 semiarcs
around a crossing. The rela-
H _ _ T
tions are z = Ty and w = y<. z=xy w = y®
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Semiquandle

Invariant of flat virtual knots

Remark (Henrich, Nelson).
D ~ D’ as a flat virtual Llink = FSQ(D) & FSQ(D’)
D ~ D’ as a virtual doodle == FSQ(D) & FSQ(D’)

Definition
T : a finite semiquandle
sc(D, T) := |HOmM(FSQ(D), T)|

Theorem ([Henrich, Nelson])

sc(D, T) is an invariant of flat virtual Llinks.
Hence sc(D, T) is an invariant of virtual doodLles.
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Semiquandle

Example

[ExampLe 1 (c.f. A. Henrich and S. Nelson) j

The fundamental semiquandle of Kishino's flat knot K is

ac=b,c, = d, b* =c,
FSQ(K) = <a,,b, c,d,e, f,g, h|ldy=e,ed=F ge=h, >

fh=g hs=a

Let T be the semiquandle defined by
; ;l ? i ?1) ‘;’ ;l Z where U;; = k and L;; =
_ L5 _
(UIL) = 41392431} /;'suc_h;:hat T Tk and
3 2 4 1|4 2 1 3) @7k

Sc(K, T) =16 and sc(UK, T) =4 for a trivial knot UK.



Semiquandle

Example 2

SC(d4,1, T) = SC(d4v4, T) =

2

X "" In fact, ds1 and ds4 are
equivalent as flat virtual
‘. knot. However they are
”“ & not equivalent as a doo-
dlLe. We will see this
A4 Later by using our new in-

variant.

Example 3

SC(dlgyl, T) =2

Thus ds3.1 is not equivalent to the trivial
flat virtual knot. Therefore ds; is not
equivalent to the trivial doodle.
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Semiquandle Invariant of virtual doodles Doubled fundamental semiquandle Fundamental semiquandl

Pre-switch

A pre-switch is a set X with two binary operations
(x,vy) — x¥ and (z, y) — Ty such that, for all z,y € X,

(0) there are unique u and v € X
with £ = uY and T = wy;

(i) Ty = vy if and only if y* = z;
(i) (zy)¥) =z and (zY)(y,) = T.
D : a virtual diagram

The fundamental pre-switch FPS(D)

The pre-switch generated by letters corresponding to the
semiarcs of D and the relations come from each flat
crossing.

Yy T

Z =Ty =y*

Remark .
D ~ D’ as a virtual doodle = FPS(D) = FPS(D’)
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Invariant of virtual doodles

Pre-switch

D : a virtual diagram
T: a finite pre-swich
pc(D, T) = |[Hom(FPS(D), T)|

Theorem

Let D and D’ be virtual diagrams. If they are equivalent as
a virtual doodle, then FPS(D) is isomorphic to FPS(D’).
Consequently, pc(D, T) is an invariant of virtual doodLles.
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Invariant of virtual doodles

Example 4

ds 1
Let 7/ be the pre-switch defined by

d4,1 and dy 4 are virtual diagrams in Example 2.
(da,1, T') =2, pc(dus, T') =1
d4,1 is not equivalent to ds44 as a virtual doodle.
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Doubled fundamental semiquandle

Invariant of virtual doodles

D: a virtual diagram
The doubled fundamental semiquandle

The doubled fundamental semiquandle FSQ(D) of D is the
semiquandle generated by letters T and x for semiarcs  of
D and the defining relations are shown below.

Y

T

Let Z,v,2,w,2,Y,2, W be
generators corresponding to
the 4 semiarcs as in the figure.
Then the relations are 2z = Ty,
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Doubled fundamental semiquandle

Theorem
D ~ D’ as a virtual doodle = FSQ(D) & FSQ(D’) ’

D: a virtual diagram T :a finite semiquandle
S¢(D, T) := |HOM(FSQ(D), T)|

Theorem
SC(D, T) is an invariant of virtual doodles
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Doubled fundamental semiquandle

Example 5

ds1

Let T be the semiquandle defined by
1 4 2 31 3 4 2
2 3 1 43 1 2 4
(UlL):41322431
3 2 4 14 2 1 3

d4,1 and dy4 4 are virtual diagrams in Example 2.
§C(d4,1, T) =16 and §C(d,4,4, T) = 256.
Thus d41 and d4,4 are not equivalent as doodLles.
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Doubled fundamental semiquandle

Example 6

ds.1 da1 a2 da3
Let 7/ be the pre-switch defined by

1 3 1

31 3) .

2 2 2

pc(UD, T') = 3, where UD is a trivial doodle,

pc(ds,i, T') = pc(das, T') = pc(daa, T') = pc(das, T') =1,
DC(d,4'1, T/) = pC(d4'2, T/) = DC(d4Y6, T/) =2

d3,1, d4,1, d4,2, d4,3, d4,4, d4,5, and d4,6 are not equivaLent to a trivial
doodle. ds1 (or, d43,d44,d45) IS not equivalent to ds1 (Or dyo,

d4,6).
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Doubled fundamental semiquandle

Example 6

NEPDEL

ds.1 ds1 4,2 d4,3
Let 77 be the pre-switch defined by

2 2 2
3 1 3.
1 3 1

pc(UD, T") =3, pc(ds,1, T”) = pc(da,1, T") = pc(da2, T") =
DC(d4,3, T”) = DC(d4y4, T”) = DC(d,4,5, T//) =1, and
pc(dss, T”) = 2. Hence, ds is not equivalent to d4,; and dy 2.

2 3 3
WiLy= {1 1 1
32 2
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Doubled fundamental semiquandle

Example 6
@ @ @ ®) @ 1e3
ds.1 d 4,1 d4,2 d4,3 4.4 dy,6
Let T be the semiquandle defined by
1 4 2 311 3 4 2
2 3 1 43 1 2 4
WL =141 3 9/2 4 3 1
3 2 4 114 2 1 3
?(UD T) = §’(d,3,1, T) §C(d41 T) = SC(d4 2, ) = 16 and
SC(d4,3, T) = 5C(da,a, T) = 5C(da,5, T) = SC(du,6, T) = 256. Thus
ds,1 is not equivalent to d4 3 (or dg4, das).
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Doubled fundamental semiquandle

Example 6
’0 %
%
ds.1 d4 1 d4,2 dy4,3 d4 4 d45 4,6

Remark.] By our method, d41 and d42 (Or d4 3, ds4 and das)
can't be distinguished.

@ d31 ~ ds1!l. —ds; is obtained from d3 1 by K-flype. (show
the definition Later.)

@ dyi1, —da1, dg1! —da 1! are distinct. dyo ~ —dy 1!
@ dy3 ~ —dyg3

@ dy4, —dau4, dga! —da 4! are distinct. dys ~ —dy 4!
@ dyg, —dag, dag! —dsg! are distinct.
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Fundamental semiquand

Cut points and Cut system (c.f. H. Dye)

D: a virtual diagram
P: a set of points on D

We call P a D cut system of D if two points are given at
each crossing as in the figure.

A point of D cut system is called D cut point.
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Double covering diagram of a virtual diagram

(D, P): a virtual diagram with D cut system
(D*, P*): the virtual diagram with a cut system obtained
from (D, P) by the reflection with respect to y-axis

D* D
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Fundamental semiquand

Double covering diagram of a virtual diagram

The diagram obtained this way is called the double covering
of D and denoted by D.




Doodle Semiquandle Invariant of virtual doodles Doubled fundamental semiquandle Fundamental semiquand

Double covering diagram of a virtual diagram

Theorem
D ~ D’ as a virtual doodle => D ~ D’ as a virtual doodle. ’

Remark. (NK)
D ~ D’ as a flat virtual link = D ~ D’ (K-equivalent) ’

D1, Do : two virtual diagram
D1 and Dy are K-equivalent if Dy is ob-
«— tained from Dq by FR I, FR II, FR III, V-

moves and Kauffman flypes (K-flypes).

Theorem
FSQ(D) > FSQ(D)

Naoko Kamada (Nagoya City University) Invariants of virtual doodles



Fundamental semiquand

Thank you for your attention.
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