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Kauffman Bracket

Definition of Kauffman Bracket (L. Kauffman, 1987):
For an unoriented diagram D, (D) is a Laurent polynomial in
a single variable A defined by the three following axioms.

1. (O) =1 where O denotes the diagram of unknot with no
crossings.

2. Delta: (DU () = 6(D) where j = —A2 — A%,

(D U () denotes the diagram D together with a single
component that does not cross itself or D.

3. Skein relation:

(X =40 O+4a7)
(X )y =4 +4a70 ()
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Kauffman Bracket

(X r=4) Q+a1 )
(X y=aCy+a7 ) ()

Calculation: The bracket polynomial can be calculated in two

ways.
1. Inductively use the skein relation.
2. Simultaneously apply the skein relation to all crossings.

<L> — ZS Aa(s)A—b(S)(_A2 _ A—2)\S|—1
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Approach one

A knot (or a link) is tricolorable if each strand can be colored
in one of three colors with the following rules:

At least two colors are used.

At each crossing, either all three colors are present or only one
color is present.

If a tricoloring uses only one color we say that it is a trivial
tricoloring.

The number of different tricolorings (trivial cloring is allowed)
is denoted by tri(D).

IR

Trefoil and 74 are tricolorable
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Approach one

Lemma [Jozef H. Przytycki 06] tri(L) is always a power of
3.

Theorem [Jozef H. Przytycki 06] (a) tri(L) = 3|V?(e*"/%)|
(b) tri(L) = 3|FL(1, —1)|

V(7)) =t —2%t2+3%t3 = 2%t + 355 — 2% 0 +¢7 — 18,
tri(74) =9.

Hence 74 has only one nontrivial coloring up to permutation of

R

%4

Trefoil and 74 are tricolorable
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XX X

Ly

Figure: Local crossings.

Using three colors, if the the three arcs have same color
<l , >=x<H>4x1<V>

<L >=x1<H>+4x<V>.

Otherwise, < L, >=y < H>+y 1<V >

<L _>=yl<H>+4y< V>

Zhiqing Yang Enhanced brackets



A two variable Jones.

One can easily check that this bracket is invariant under
Reidemeister moves |l and lll. For Reidemeister moves |, the
three arcs always have same color. Hence if we let

V(D) = (—x3)""(P) < D >, we shall get a knot invariant.

Theorem
V(D) = (—x3)""(D) < D > is a two variable knot invariant.
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An Application

IR

Trefoil and 74 are tricolorable

74 is alternating, hence the bracket is “faithful”. Therefore, for
any diagram, any nontrivial tricoloring, there exists one
crossing with same color, and at least 6 crossings with
different colors.
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Approach two

S. Nelson, M. Orrison, V. Rivera [2016] introduced the
following way to enhance the bracket polynomial.

A link diagram can bicolored as follows. Choose two colors,
say, solid and dotted. The crossing points divide any link
component into even number of segments. Pick one segment
and assign one color to it. Then change to another color
whenever pass one crossing point. Do this to each component,
we get a bicolor link diagram.
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XX XX

L, vV
SN N N\
NN S,
Ww-_ N_ E_ S_
O >0 X
w, N, E. S,

Figure: Local crossings.
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S. Nelson, M. Orrison and V. Rivera's construction

Ny=H+tV, N_=H+(1+¢t?)V,
Si=H+tV, S =H+(([1+t)V,
E.=(1+t)H+ (t+ )V, E =tH+V,
W,=Q+t)H+V, W_=(@{t+t)H+(1+1)V,
<DUO>=(1+t+t)<D>.
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S. Nelson, M. Orrison and V. Rivera's construction

Ny=H+tV, N_=H+(1+¢t?)V,
Si=H+tV, S =H+(([1+t)V,
E.=(1+t)H+ (t+ )V, E =tH+V,
W,=Q+t)H+V, W_=(@{t+t)H+(1+1)V,
<DUO>=(1+t+t)<D>.

» Their invariant ®5 takes value in Z[t]/(1 + t + t3).
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S. Nelson, M. Orrison and V. Rivera's construction

Ny =H+tV, N_=H+(1+t?)V,
Se=H+tV, S =H+((1+t3)V,
E,=1+t)H+(t+t)V, E =tH+V,
Wy =QQ+)H+V, W =(t+t)H+(1+1)V,
<DUO>=(1+t+t*)<D>.

Ny =a,H+b,V, N_=a,H+hb,V,
S;=aH+bV, S =aH+bV,
E.—aH+ bV, E —aH+bV, (1)
i Wy =a,H+b,V, W_=a H+b,V.
l<DUO>=d<D>.
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Reidemeister move ||

o~

e

Figure: Outside smoothing patterns

So we have
<li>=f<X;>1h<X: >

<ly>=f<Y>+h<Y>
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Reidemeister move ||

(awal)d + (awbl, + bya. + b, b.d) = d and
(awal) + (awbl + bya, + b, b.d)d = 1.
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Reidemeister move ||

(awal)d + (awbl, + bya. + b, b.d) = d and
(awal) + (awbl + bya, + b, b.d)d = 1.
» Let x = aya,,y = awb, + byal + b, b.d. Then for the
linear system of equations xd +y = d,x+ yd = 1, one
can get solutions
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Reidemeister move ||

(awal)d + (awbl, + bya. + b, b.d) = d and
(awal) + (awbl + bya, + b, b.d)d = 1.
» Let x = aya,,y = awb, + byal + b, b.d. Then for the
linear system of equations xd +y = d,x+ yd = 1, one
can get solutions
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Reidemeister move ||

(awal)d + (awbl, + bya. + b, b.d) = d and
(awal) + (awbl + bya, + b, b.d)d = 1.

» Let x = aya,,y = awb, + byal + b, b.d. Then for the
linear system of equations xd +y = d,x+ yd = 1, one
can get solutions

» {x=1y=0}{d=1,x+y=1},{d=-1,x—y =1}

» For the solution {x =1,y = 0}, we have
aya, =1,a,b. + b,a, + b,b.d =0.
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Reidemeister move ||

(awal)d + (awbl, + bya. + b, b.d) = d and
(awal) + (awbl + bya, + b, b.d)d = 1.

» Let x = aya,,y = awb, + byal + b, b.d. Then for the
linear system of equations xd +y = d,x+ yd = 1, one
can get solutions

» {x=1y=0}{d=1,x+y=1},{d=-1,x—y =1}

» For the solution {x =1,y = 0}, we have
aywa, =1,a,b, + bya, + b, b.d = 0.

» Then a, = i,d = —(Z—:VV + bu),

aw
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Reidemeister move ||

(awal)d + (awbl, + bya. + b, b.d) = d and
(awal) + (awbl + bya, + b, b.d)d = 1.
There are other solutions

{d:].,X—f—y:].},{d:—].,X—y:l}

For simplicity, we first consider the case {x =1,y = 0} here.
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Oriented Reidemeister moves

Figure: Reidemeister move two and three.

7 7 7
8.5
aX}b aX\;baX;\b
N N N
858
a/X{ 3&2 3/3/

Figure: Oriented Reidemeister move Il
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All equations from Reidemeister move ||

awa, =1,a,b, + bya, + b,b,d =0

aca, = 1,a.b, + bea,, + beb,,d =0

asa, = 1, a;b, + bsa, + bsb.d = 0

{' aya, = 1,a,b), + b,a), + b,b,d =0 2)
bwb, =1, b,a, + a,b, + a,a.d =0

beb,, = 1, bod,, + acb, + a.a,d =0

b,b, =1, b,a, + a,b, + a,a,d =0

\ bsb, = 1, bsa; + asb, + asald = 0.

Y
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Reidemeister move ||
D D’

Figure: Reidemeister move three.

HPQ DD
Out(1 Out(2 Out(3 Out(4 Out(5

Figure: States outside the disks.
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Reidemeister move ||

Figure: Reidemeister move {23,.

Table: Smooth inside disk.

ai1dras

aiarbs aibras aibybs | biaras biaxbs | bibraz b1 bab3

250 450 | £ [450 [ 00| 90| 49

D B e 8300450

Zhiqing Yang Enhanced brackets



Reidemeister move ||

Table: Number of components of smoothings of D; and D!

D,{/Di a1apa3 | a1axbs | a1bras | a1bybs | biazas | biashs | bibyas | bibybs
) 4/2 3/1 3/1 2/2 3/1 2/2 2/2 1/3
) 2/4 1/3 1/3 2/2 1/3 2/2 2/2 3/1
Out(3) 3/3 2/2 2/2 3/3 2/2 1/1 1/1 2/2
)
)

3/3 |2/2 |2/2 [1/1 |2/2 |1/1 |3/3 |2/2
3/3 |2/2 |2/2 [1/1 |2/2 |3/3 |1/1 |2/2

To get < D; >=< D! >, the second row of table gives the
following equation.

apala,d* + a,al b,d® + a,ba,d® + a,b,b,d* + b,a a,d® +
bna. b,d? + b,ba,d* + b,b.b,d = a;alasd® + asa.bsd +
asblasd +asb.bsd? + bsalasd + bea.bsd? + bsb.asd? + by blbsd3.
The above is the equation from Out(1). Denote

X1 = apad,an, Xo = ana,by, -+ ,xg = bbby, y1 =

asa.as, - ,ys = bsbLbs, we get a linear equation for variables
X1, Vs

Zhiqing Yang Enhanced brackets



Reidemeister move ||

Table: Number of components of smoothings of D; and D!

D{/ D; | a1aas | a1apbs | a1byas | arbybs | biasas | biasbs | bibyas | bibybs
1) | 4/2 3/1 3/1 2/2 3/1 2/2 2/2 1/3
2) | 2/4 1/3 1/3 2/2 1/3 2/2 2/2 3/1

Out(3) | 3/3 2/2 2/2 3/3 2/2 1/1 1/1 2/2
4)
5)

3/3 |2/2 |2/2 |1/ |2/2 |1/T [3/3 |2)2
3/3 |2/2 |2/2 |1/ |2/2 |3/3 |1/1 |2)2

To get < D; >=< D} >, the second row of table Out(1).
gives the following equation.

x1d* + xd® + x3d® + x4d? + x5d3 + xd? + x7d? + xgd =
nd? + yod + y3d + yad® + ysd + yed® + y7d® + ypd®
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Reidemeister move ||

( bnbja, = bsbas,  bpajby = bsaibs,  anbjb, = asb_bs
b,bl,b, = dasa.as + asa.bs + asblas + bsalas
\ bsbLbs = da,al,a, + a,a,b, + a,b,a, + b,a,a,

(3)

Table: Number of components of smoothings of D; and D!

alblcl alblc2 alb2cl alb2c2 a2blcl a2blc2 a2b2cl a2b2c2
N N_N. | WeE_LN, | NNW_EL | W,S_E. | EN.-W, |SLEW, | EW.S, | 555,
555 |EW.S, |SSEW. |ENW, | WSE |NWE, | WEN_ | NN_N,

~

L
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Reidemeister move ||

b,bla, = bsb.as, bpa,b, = bsalbs, apblb, = asb.bs
bnblb, = dasalas + asalbs + asbas + bsaLas

bsb.bs = da,a,a, + aya,b, + a,b,a, + b,a,a,

bnbl,a. = bsblay, bpal,be = bsalby, ayb, b. = asb.b,
b,b,, be = dasa.a, + asa.b, + asb.a, + bsa.a,

bsbLb, = da,al,a. + apal, be + anbl, ac + bya,, ae

byb.a. = b.bla,, byalbe = bea, by, a,b.be = a.bl,b,
byb.be = dacaa, + aca, b, + acbla, + bedl,an

bebb,, = da,a.a. + aya.be + a,blac + by alae

byb.a, = beb,,as, bwalb, = bed, bs, awbLb, = a.b, bs
by b.b, = da.a, as + acal, bs + a.b.,as + bea,, as

beb, bs = da,a.a, + a,a.b, + aybla, + byala,
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Solution

,fa,,:aszna,bn=b5=nb7aW=wa,bW=wb,aezea7be:eb,
!
!
1

1 1 1 1 1
T N N L
{an as na’n s nb7aw ea W eb7ae wa’ e wh (4)
i a b
tg=_2_7
( b a
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An invariant

Let W(D) denote the writhe of the diagram D. Like the
construction of Kauffman bracket, let

F(D) = (—-%)"®) < D >. Then F(D) is invariant under
Reidemeister moves. However, it depend on coloring of the
link diagram. For a knot diagram, there are only two different
colorings. If we change the coloring, we shall get F(D). It can
be obtained from F(D) as follows. Define € = w,w = e.
Then we have

l 3, =3, =na,b,=bs = nb,a, = ea, b, = eb,a; = wa, b, = wb,
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An invariant

In general, For a link L, choose one link diagram D, let A be
the set of all colorings. If one choose one coloring A € A, one
will get F(D, \). Now we have the following theorem.

Theorem

Using the skein relations (1), if the variables satisfies equation
(7), then {F(D), F(D)} is a knot invariant.

For a link L, choose one link diagram D, then
F(L)={F(D,\) | A € A} is a multiple-valued link invariant.
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Approach one and two do not give new results for classical
knots.
They do give stronger invariants for virtual knots.
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Virtual links (L. Kauffman, 1999)

X X X

A virtual link diagram is a planar 4-valent graph has three type
of crossing types: overcrossing, undercrossing or virtual
crossing.

Two virtual link diagrams are equivalent if there exists a
sequence of usual and generalised Reidemeister moves,
transforming one diagram to the other one.

o[ 1= X
e |8 K
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Virtual links (L. Kauffman, 1999)

The following virtual knot has E,, W, type crossings.
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An example.

@y be
B T
bu e @ buo be Dg)@

Its bracket = a, a. + anbe + byae + bybed =
waea + waeb + wbea + wbeb(—2 — 2) = we(a® + ab — b;)

Hence it is not classical.
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An application

(an=as=1,b,=b; =t a, =1+t b, =138 =1+t b, =t+t?
{Iaﬁ,:a;:17bﬁ,:b;:1+t2,af,v:t+t2,b|’~:1+t.,a’e:t,b;:1 (6)
ld=1+t+1

The coefficients lie in Zy[t]/(1 4 t + t3). We can lift them to

Z[t, t71] as follows.

(a,=a;=1b,=b;=ta,=1+t2b,=t(l+1t?),a.=1+tbe=t(l+1),
1 , 1, 1

A+ 112 T (1) ()

/

i 1
{an:a;:I,b;:b;:I/t,a:N:ib’ -
t

14+¢ 7"
1
d=—t——
t
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Approach three

A A L A
B\ / \ N B,
S

N B .7 \ \9/
A A X A
\ /\ /B ' -

Sy

Figure: Coloring arcs and regions.
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Skein relations

Ny =a,H+b,V, N_=aH+DbV,

Sy =aH+ bV, S =aH+Db.V,
E,=aH+ bV, E =aH+tbV, (8)
W, =a,H+b,V, W_=3a H+bV.
(<DU@®>=d<D>.

—————N e ——

(N, =a,H+b,V, N_=3aH+b,V,

S, =aH+bV, S =aH+Db,V,
E,=3a.H+bV, E =3aH+b,V, (9)
W, =a,H+b,V, W._=3a H+bV.

(< DUO>=d<D>.

[ T T
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asa, = 1,a,b. + bsa, + bsb.d = 0

apal, =1, a,b), + b,al, + b,b,d =0

bnb, =1, bya), + a,b), + a,a,d =0

bsbl =1, bsa, + ash, + asald =0

bnb,a, = bibla,,  bna,b, = b,a.b,,  @,b,b, = a,b.b,

= T

bnb,b, = dasalas + asalbs + asblas + bsa,as
ESE/SB = da,al,a, + a,a,b, + a,b,a, + b,a,a,
3.5, + by, + byb,d = 0 (10)
b + b,a, +bbd—0

+anb +3,3,d =0

+asb +3,a.d=0

bH%_Eb%, bya,b, = bsa.b,  anblb, = 3sb.bs
babl,b, = da,a.a, + a;a.bs + 3;b.a, + bsala,

~

Y]]
")
]
w0

Il

|

]

]
s -3

~

o o

) 3

O~\ o

([

Rl =
D*\ c~\ m\

bsbLbs = da,a, a,,+a,,ab +a,,b a,,+baa,,
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( a, = na,as = sa, b, = nb, b, = nb,
1

1 1 1 1
A oy =
:a" na'® s nb” ™ sb
g 2 _bg__2_ b 11
b a’ b 3 (11)
' 3, = na,as = sa, b, = nb, b; = nb,
/ ]. —/ lgl_igl_i
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Thank you for attention!
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