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Classical Connections

Braids and double loop spaces

Configuration space
F(M.n) ={(z1,...,20) € M*" | z; # Z; for i # j}.

F(R2, n) ~ K(Pp,1) and F(R?,n)/%, ~ K(Bp,1), where By, is
the n-strand Artin braid group and Pj is the pure braid group.

Configuration space with labels in a space X
CM; X)=UF(M,n) xs, X"/ ~, where
n

(Z4, oy Zm Xgy ooy Xn) ~ (20,0 oy 201 Xty ooy Xpq) I X = %

(Segal’73, first by May’72 (LNM Vol. 271), ideas earlier by
Boardman-Vogt'68): C(R¥; X) ~ QKxk X if X path-connected.



Classical Connections

Quillen’s plus construction on braid groups

A consequence of Segal’s work: There is a map

K(Bx, 1) — Q552 inducing an isomorphism on homology,
where Q352 is the path-connected component of 9252
containing the base-point.

Cohomology of braid groups B, was first studied by Arnold’70,
also studied by D. B. Fuks’70 and F. R. Cohen’73.

Quillen’s plus construction: gx: X — X is a pointed
cofibration which induces isomorphisms on homology with
abelian local coefficients and epimorphism on 7y with
Ker(7m1(qx)) the maximal perfect subgroup of 7 (X).

K(Boo,1)* ~ 0282,



Braids and homotopy

Brunnian braids
A Brunnian braid (called smooth braids by Makanin) means a
braid that becomes trivial after removing any one of its strands.

e Levinson’75: (called decomposable braids) Let

2 1 —1
li=0j0it1 - Op_20p 10, 5" " 0;

for1 <i<n-—1.Let R = ({(t;)) be the normal closure of ¢;
in the pure braid group P,. Then

Brung(D?) = [[Ry, Re], Rs] - [[R1, Rsl, Ral-

e Generalized by Jingyan Li- Wu’11: For each n > 3,

Brunn(D?) =[] [[Rs1): Ro@)ls-- - Ro(n-1)-

oEY 4

e Makanin’s Question’80 on determining generators for
Brunnian braids. Answered by Gurzo’ 81, and
Johnson’82.



Braids and homotopy

Brunnian braids

o Berrick-Cohen-Wong-Wu’06: There is an exact sequence
1 — Brun,,1(S?) — Bruny(D?) — Brunp(S?) — mp_1(S?) — 1

for n > 5.

o Badakov-Mikhailov-Vershinin-Wu’12: Let M be a
connected 2-manifold and let n > 2. The inclusion
f: D> — M induces a group homomorphism

f.: Pp(D?) — Pp(M).

Let A; j[M] = f.(A;;) and let ((A; ;[M]))F be the normal
closure of A; ;[M] in P,(M). Let

Ro(M) = [({(A1alM1)®, (A2 n[MI)P, ... ((An_1 [M])"]s



Braids and homotopy

Badakov-Mikhailov-Vershinin-Wu’12:

e Theorem 1.
1. If M # S? or RP?, then

Brun,(M) = R,(M).
2. If M = S? and n > 5, then there is a short exact sequence
R (S?) < Brun(S?) — m,_1(S?).
3. If M = RP? and n > 4 then there is a short exact sequence
Rn(RP?) < Brun,(RP?) — m,_1(S?).

e Theorem 2. The factor groups P,(M)/Brun,(M) and
Bn(M)/ Brun,(M) are finitely presented for each n > 3.

e Question 23 in Birman’s book’75 on braid, links and

mapping class groups: Determine a free basis for
Brun,(S?). Unsolved. Seems hard question.



Braids and homotopy

m.(S¥) for k > 3—Mikhailov-Wu

» We give a combinatorial description of . (S¥) for any
k > 3 by using the free product with amalgamation of pure
braid groups.

e Given k > 3, n> 2, let P, be the n-strand Artin pure braid
group with the standard generators A;; for 1 <i < j < n.
We construct certain (free) explicit subgroup Q, x of Py
(depending on n and k).



Braids and homotopy

m.(S¥) for k > 3—Mikhailov-Wu

Now consider the free product with amalgamation
Pn *Qn,k Pn.

Namely this amalgamation is obtained by identifying the
elements y; in two copies of P,. Let A; ; be the generators for
the first copy of P, and let Aj-J- denote the generators A; ; for the
second copy of P,. Let R;j = <A,-,,-,Aj-,j>P”*°nﬂkP" be the normal
closure of A;;, A} ;in Py xq,, Pn. Let

[Ri,j |11 <i<j< n]s = H [[R,'hj‘, Ri27j2]7 cee Rih/'t]
{1,2,...,[7}:{/1 :j1:~-~7it>jt}

be the product of all commutator subgroups such that each
integer 1 < j < n appears as one of indices at least once.



Braids and homotopy

Mikhailov-Wu'13

Theorem. Let k > 3. The homotopy group 7,(S¥) is
isomorphic to the center of the group

(Pnxq,, Pn)/[Rij|1<i<j<n|s

forany nif k >3 and any n# 3if k = 3.

¢ Note. The only exceptional case is k = 3 and n = 3. In this
case, m3(S®) = Z while the center of the group is Z%4.



Lie algebra on Brunnian braids

Lie algebras of groups

We recall that for a group G the descending central series
G=T1>2T2>--- 2T >2Tjy1>....
is defined by the formulae
=G, Tu=[al.

The descending central series of a discrete group G gives rise
to the associated graded Lie algebra (over Z) L(G)

Li(G) =Ti(G)/Ti+1(G).



Lie algebra on Brunnian braids

Yang-Baxter Lie algebra

Let G = Pp.

Kohno’85: The Lie algebra L(Pp) is the quotient of the free Lie
algebra L[A; ;| 1 < i < j < n] generated by elements A, ; with

1 < i < j < nmodulo the “infinitesimal braid relations" or
“horizontal 4T relations" given by the following three relations:

[Aij; Ast] = 0, it {i,j} N {s, t} =0,
[Aijs Ak + Ajkl = 0, If 1 < j <k, M
[Aik Aij+Ajk] =0, ifi <j < k.



Lie algebra on Brunnian braids

Braid Commutators and Vassiliev Invariants

Ted Stanford’96: Let L and L’ be two links which differ by a
braid p € I',(Px). Let v be a link invariant of order less than n.
Then v(L) = v(L).

Here the meaning for two links to differ by a braid p is as
follows: Let X denote the closure of a braid x. Let b and p be
any two braids with the same number of strands. Then b and
pb differ by p.

In brief, lower central series of pure braid groups —
Vassiliev Invariants.



Lie algebra on Brunnian braids

Vassiliev Invariants on subgroups of pure braid groups

Let G < Pk be a subgroup of Py. The elements in G give a set
of special type of braids. Then the set G = {X | x € G} gives a
subset of special type of links.

For detecting the Vassiliev invariants on the special type of links
given by G, a natural way is to consider

G=T1(P)NG > To(P)NG > --- > Ti(P)NG > Ti11(Pk)NG > ...

The resulting (relative) Lie algebra
LP(G) = @(Ti(Px) N G)/(Tix1(Px) N G) is a sub Lie algebra of

i=1

the Yang-Baxter Lie algebra L(Py).
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Symmetric bracket sum of Lie ideals

Let L be a Lie algebra and /y, ..., I, ideals of L. The symmetric
bracket sum of these ideals is defined as

[[h, k], s = Z ([lo1) lo@)]s - - -5 lo(m));

oEY

where ¥, is the symmetric group on n letters.



Lie algebra on Brunnian braids

Jingyan Li-Vershinin-Wu’15

Let us denote the ideal

L[Akn, [ - [Akns Ajonds -5 Ajonl i 7 Koy ji < n=1,1 <m; m > 1]
by Ik.

Theorem.

The Lie subalgebra L""(Brun,) and the symmetric bracket sum
[[h,k],...,lh—1]s are equal as subalgebras in L(Pp):

LPr(Brunp) = [[l, k), - . ., lh-1]s-
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Brunnian Lie algebra over S>—Li-Vershinin-Wu,
working progress

n

Let BrunL(S?), = N ker(d; : L(Px(S?)) — L(P,—_1(S?))). Let J;
i=1

be the image of /; under the projection L(P,) — L(Pn(S?)).

Theorem. There is a short exact sequence

[[J1, o], - ., In_1]s = BrunL(S?), — A,_1(S?)
for n > 5, where A(S?) is the A-algebra. Moreover

[[1, 2], - .., In—1]s < LP(Bruny(S?)) < BrunL(S?),

with |LP(Brunn(S2))/[[1, Jel, - - -, In_1]s| = |7mn_1(S?)| for n > 5.



Structural braids and links

Bardakov-Vershinin-Wu’14

Let M be a general connected surface, possibly with boundary
components. Consider the braid group B,(M). Let

d;: Bo(M) — B,_1(M) be the function given by removing the
i-th strand for 1 < i < n.

Our question. Given an (n — 1)-stand braid «, does there exist
an n-strand braid g such that it is a solution of the system of

equations
i = «a
dnf = «

Theorem. Let M # S? RP?. Let a € B,_{(M). Then the above
system of equations has a solution if and only if



Fengchun Lei-Fengling Li-Wu'14

Let (L, X) be a framed link in S® with X a vector field defined in
a neighborhood of L perpendicular to the tangent field of L. We
can obtain a sequence of link L = {Lo, Ly,...,...}, where
Ly = L and L, is a naive n-cabling of L along the vector field X.
By taking the fundamental groups of the link complements, we
obtain a simplicial group G(L, X) = {71(S® \ Ln) }n>o0-
Let

Lo (012 Llel

be the splitting decomposition of the framed link L such that
(L1, X|L1) is a nontrivial nonsplittable framed link for 1 < i < k
and (L1, X|L[") is a trivial framed link for k + 1 < i < p. Then

e Theorem. the geometric realization |G(L; X)| is homotopy

K
equivalent to Q(\/ S®).



Structural braids and links

Simplicial group G(L, X) detects trivial framed knot

Let K be a framed knot with frame X.

e G(K, X) is a knot invariant given by simplicial group.
(K, X) is a trivial framed knot if and only if G(K, X) is
contractible. (K, X) is a non-trivial framed knot if and
only if G(K, X) ~ QS5.

o Recall that m5(Q8%) = 73(S®) = Z.

[ 0 if (K,X) atrivial framed knot
m2(G(K, X)) = { Z if (K, X) anon-trivial framed knot

« For different nontrivial framed knots (K, X) and (K’,, X),
although G(K, X) and G(K’, L") has the same homotopy
type, they may be given by different link groups. Simplicial
group ring Z(G(K, X)) may give new knot invariants.



Structural braids and links

Fuquan Fang-Fengchun Lei-Wu'15
Let L be an n-link in a 3-manifold M. Let A; be the normal
closure of the ith meridian. Then the symmetric commutator
subgroup

(A, Adls = [ [Asr), Aoy - -+ Ao

OEY

is a (normal) subgroup of the intersection subgroup
AiNAnN---NA..

e Theorem. Let L be any strongly nonsplittable n-link in M
with n > 2. Then
(M) 2 ArN AN N A /[[A1, ..., Adls.

forany n > 2.
e In particular, if M = S8, this gives a description of
homotopy groups of S2 in terms of link groups.



Structural braids and links

Question

Let L be an n-link in S®. A knot K in S® < L is called almost
trivial if K bounds a disk in S® < d;L foreach 1 <i < n.

A knot K in S® < L is called weakly almost trivial if K represents
anelementin Ay NAnN---NAp

A knot K in S® . L is called commutatorized if K represents an
element in the symmetric commutator subgroup
[[A1 ’ A2]7 LRI A/’l]S'

Question. Let L be an n-link. Let K be a weakly almost trivial
knot in the link complement S® < L. Does there exist a
connected sum decomposition

K: K/#K//

such that K’ is a commutaorized knot in S® < L and K" is an
almost trivial knot in S3 < L?



Thant You!
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